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DisElacement 7
* Concept of displacement: coordinate [FEEER———

difference of the same material point in

two reference states.

* Displacement
= Rigid-body translation

+ Rigid-body rotation

+ Strain deformation

* Rigid-body motion: the distance and angle among all material
points remain the same.

« Strain deformation: a material 1s said to be deformed or strained
when the distance or angle among material points is changed.

* We are not concerned with rigid-body motions 1n elasticity theory.
3



Small Deformation Theory
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Small Deformation Theory

* Displacement gradient
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Continuum Rigid-body Motion & Deformation

« Components of total displacement at a material point
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Two-dimensional strain-displacement relation

B(x+dvy): TR
u(x+dx,y)=u(x, y)+2—idx, v(x;-d}’) ﬁ/» :,:,C\ ::;
A —
C(x,y+dy): a (f) Py %f\'-—-‘-'-f-'-'-f-'--t-‘%j-—-é--Lidx

u(x,y+dy)=u(x, y)+8_idy, fA & 8| s _’ "
— uxy) —>!
(x y+dy) (x y)+2—;dy. : .
A'B' = \/(dX-F@—ude J{def :dx\/1+2a—u+§<(+§‘<i z(1+6—ujdx;
0 Ox X X Ox
6V tanﬂ:audy/(dy+&)dy]z8—u.
Oy oy



Two-dimensional Geometric Deformation

e Normal strain
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Two-dimensional Rigid-body Rotation

» Rigid-body rotation around z-axis
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-D rigid-body rotation

*

U =u’ —w,y+o,.z
* 0
VvV =V -0 z+w.X

* 0
w =Ww —a)yx+a)xy

_odu
\\\ ay A y

—
—
-
-
-
. -
-

S
-

-
-




SamBle Problem

Determine the displacement gradient, strain and rotation tensors for the following displacement
field: u = Ax’y , v=Byz , w=Cxz’, where 4, B, and C are arbitrary constants. Also calculate

the dual rotation vector @ = (1/2)(Vxu).
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2-D Pr1nc1Bal Strains by Transformation
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3-D Principal Strains by Eigen-equation
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SBherical and Deviatoric Strain

* Decomposition of the strain tensor
g =€ +E.
ij i
* Spherical (mean) strain tensor: volumetric deformation + isotropic
~ 1 1
E =€ 0 =<E0, = —(e +e +¢€ )5..
Yy m 3 I 3 X y z ij
e Deviatoric (octahedral) strain tensor: shape change

=£.—€.
ij ij

E.
I
« Relationships among principal strains and directions
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Czlindrical Strain and Rotation
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SBherical Strain and Rotation
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Strain Compatibility - Concept

* Normally we want continuous and single-valued displacements;

i.e. a mesh that fits perfectly together after deformation.

Undeformed State Deformed State
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Strain Compatibility — Mathematical Context

 Strain-displacement relationship

ou ov ow 1({ou Ov I1{ov ow 1 ( ow Ou )
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» (Given the three displacements: We have six equations to
easily determine the six strain components.

* (Given the six strains: We have six equations to
determine three displacement components. This 1s an
over-determined system and in general will not yield
continuous single-valued displacements unless the strain

components satisfy some additional relations.
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Strain Compatibility — Physical Interpretation
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Compatibility Equations

 Differentiating twice the strain-displacement relationship
( 1 1
£ = E(Mi’jkl i) Euy = E(uk’lij + 1y, );

1 1
Eikj1 = E(Mi,kjl T Ui ); Eiik = 5( T Ui )

* The continuity of displacements implies the
interchangeability of partial derivatives
= Eiu T Euy —En i —Ejaw =V

* This strain compatibility condition forms the necessary and
sufficient condition for continuous and single-valuedness
displacements (up to a rigid-body motion) in simply connected
regions.

« For multiply connected regions, strain compatibility 1s necessary

but no longer sufficient. Additional conditions must be imposed.19



Domain Connectivit

« Simply connected: all simple closed curves drawn 1n the region can
be continuously shrunk to a point without going outside the region.




ComEatibilitz Eguations

* In 2-D, only 1 out of the 16 equations 1s meaningful and

independent.
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ComEatibilitz Eguations
e In 3-D:
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ComBatibilitX Eguations

* Only 6 out of the 81

are meaningful
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Compatibility Equations

* Further reductions are possible. Only 3 out of the 81 are

independent.
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