Mathematical Preliminary
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e Scalar, Vector and Matrix (#r&. £&. 4[%E)

« Indicial Notation and Summation Convention (35471 &
5 sk Fr £ %)

 Kronecker Delta (= Z H % &)

» Levi-Civita symbol (##it5)

 Coordinate Transformation (A #r7% # )

e Tensor (7K &)

» Principal Values and Directions (#4E 1 5 %-4E 1 € )

» Tensor Algebra (3k & 1% %4%)

o Tensor Calculus (7K & #% 4+)

» Integral Theorems (4 = ¥)

» Cylindrical and Spherical Coordinates (Af & K 2 #7)



Scalar

 Scalar: representing a single magnitude at each
point In space
« Examples:

- Material density
- Young’s modulus
. Poisson’s ratio

. Shear modulus

- Temperature



Vector

 \Vector: representing physical quantities that
have both magnitude and direction
« Examples:

- Force
- Displacement of material points
- Rotation of material points




Matrix (Array)

« Matrix: a rectangular array of numbers

m-by-n matrix

4 1 2 K& A
dij ncolumns _ VA |
/ 0 TG W [ ,

m — — ®
Frows 0 1 S
di11 &1z A3 F l
21 Q2  da3 2 L 4 / 9 ’
: - i
9a.1 93.2 9.3 3/ l/ { _/" :§: J l

 Array: a data structure in which similar elements
of data are arranged In a table



Indicial Notation

‘z =X3

 Orthogonal unit vectors:|ixj=k
» Vector decomposition:
a=0P=(a-i)i+(a-j)j+(a-k)k Sl -

3
=ae, +a,e,+a.8, = ) ae,
i=1 X =X1
» Indicial notation: a shorthand scheme whereby a
whole set of components Is represented by a
single symbol with subscripts
x| e A A, A, ag
X, =|X,|, & =|€ |, a=|a,l|, a=|a, a, a,

X3 € 3 a3 a3 a'32 a’33



Indicial Notation

e Addition and subtraction

ay + by
ar» + by
REES

a; + b;

. ajj &= by =

 Scalar multiplication

/d;

/dq
/a0

/a3

s ;:.(Ifj —

 QOuter multiplication

a;b; =

b
d-r b

az by

_(111 :l:b]l
a2 :l:bjl
(3] :i:b_’,',l

;‘.(11 ]
;‘.(131

;:.(131

ay b
> D>
az b

/d 12
;.(133
/a 39

abs
a-r b

azbs

/d 13
;.(133
/a 33

12 + /J]j
k) T bgg
32 T /J_’,',j

13 T+ [Jl_,,
23 + [Jg_,
1% + [J_;-,_“,',




Indicial Notation

« Commutative, associative and distributive laws

a; + b; = b; + a; ai(bjrcr) = (aibj)c

a::br = bra;:
[k k& a;j(br + cx) = ajjby + ajjcy

a; + (b; + ¢;) = (a; + b;) + ¢;

 Equality of two symbols

a1:b1 a11:b11 a12:b12 dj3 =
Q; = bi —ya, = bz , A = bij — | 8y = b21 Ay, = b22 dyy = b23
(85 =05 dg) = b31 c7 I b32 33




Summation Convention

« Summation convention: if a subscript appears twice In
the same term, then summation over that subscript from
one to three is Implied

djij = Z dii = di1 + a» + ass
= a'JXIXJ o ZZau i

' i=1 j=1
af:.-"b.-" - E ai:,-"bj = a; by + apbr, + a;zbs
J=1

Ay =aAj =y

 |n asingle term, no index can appear more than twice.
« Dummy (repeated) indices vs. free (distinct) indices
« Among terms, index property must match.



Contraction and Symmetry

Contraction: for example, a;; Is obtained from a;; by
contraction on i and j
Outer multiplication — contraction — inner product

a,b; (contraction on ij) ab

a;b, (contraction on jk) a. b,

Symmetric vs. antisymmetric (skewsymmetric) w.r.t. two
Indices, I.e. mand n

dij.m..n..k — ij..n..m...k dij..m..n..k — —djj..n.m. .k

(aij — aji)

: : 1 1
Useful Identlty: djj = E((Ifj + aji) + 5
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Kronecker Delta

« Kronecker delta: a useful special symbol commonly used
In Index notational schemes
e Symmetric

. l,if i =] (no sum) 100
? % ] _0 O ] ]

» Replacement property

(3‘;}‘ — (Sﬁ

(3‘,'5 — 3.. (31'{' = 1

(31;,;({,; — dj, (Sgaf = (Ij
(Sfjajk — i, (Sﬂ;afﬁ; — (Ifj

(Sfj(’rfj — Uy, (35;(3!3; =3
11



Levi-Civita (Permutation) Symbol

« Antisymmetric w.r.t. any pair of its indices

+1, 1f 77k 1s an even permutation of 1,2, 3
Eijk = { —1, 1f 77k 1s an odd permutation of 1,2,3
0, otherwise
€123 = €31 = &312 = 1,&321 = €130 = &13 = — L& =¢€131 =& =...=0.

 Cross product of two vectors
axb=(ag)x(be;)=ab, (e xe;)=ab,(ge,)=¢abe
 Scalar triple product of three vectors

axb-c=¢,abe, -ce, =¢abc, (ek -em) = £,8,b.C. 0, = &;aDb;C,

i~j~m
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Levi-Civita (Permutation) Symbol

« Determinant of a matrix (easily verifiable)

d; a5, o
det[aij:| = ‘aij‘ =1 Gy By = Eydy A = Eip 83
d; 83 dg;

By the definition of Levi-Civita and note the following

EikErstQirQ js A = Eij@i1Q,8, 3 — Ejj 1838, 5, + £ @,,858,

rst=hir -~ js

— & Qi85 t £ Q38118 , — @58,

= |63 Eai@ 8, = 6det| a; |, 5,888, = &, det| ;|

rst=hir = js
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Levi-Civita (Permutation) Symbol

* g£-0 property

Oy O O
g =€ -, xe, =(5,8,) (5,8,)%x(58,) =&y =0 S5 6
5k1 5k2 5k3
ukgpqr H:A]H[B:” - H:A]H ‘
I é‘il 5 5i3 5 5q1 5r1 | é‘lmé‘pm é‘lmé‘qm 5|m5rm
— 5]1 5 5]3 5 5q2 5r2 :5Jm5pm 5Jm5qm 5Jm5rm
_5k1 5k2 5k3_ 5 5q3 5r3_ 5km5pm 5km5qm 5km5rm
5ip 5iq 5|r 5ip 5iq 5|k
= Eik€oar =% O Okl = |k =|%h O Oi|= %0y ~OiOp
5kp 5kq 5kr 5kp 5kq 5kk

14



Sample Problem

» The matrix a; and vector b; are specified by

1 2 0] 2
a;=|0 4 3|,b=4
2 1 2 0

Determine the following quantities, and indicate whether they
are a scalar, vector or matrix.

a; ,q;a; ,;a; ,;b,,a;bb; ,bb ,bb;,a a

ij i ! i Y oMY MY Msymm, 1 Manti.

e Solution:

a. =a,+a,, +a, =7 (scalar)

aij aij = 8,8y, + 5,8, + 8,385 + A58, +8,,8,, +Aydy; + 8385 +ag,d;, + Agyds,
=1+4+0+0+16+9+4+1+4 =39 (scalar)
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Sample Problem - Solution

(1 10 6|
a;a;, =&,y +a,d, +a;3, =|6 19 18| (matrix)
6 10 7
o
a;b; =a,b, +a,b, +a;;b, =| 16 | (vector)
8

a.bb. =a,bb +a,bb, +a,bb, +a,b,b +--- =84 (scalar)

ij i

bb =bb +b,b, +b,b, =4+16+0=20 (scalar)

(matrix)

(4 8 0]
bb, =18 16 0| (matrix)
0 0 0]
1 2 0 1 0 2 1 1 1
& (a”+a“):;{o 4 3 +42 4 1|=|1 4 2| (matrix)
2 1 2 0 3 2 1 2 2
1 2 0 1 0 2 0O 1 -1
a, . = (a”—aj,)zlo 4 3}1 2 4 1} -1 0 1
2 2
2 1 2 0 3 2 1 -1 0

16



Coordinate Transformation

e Unit base vectors for each frame
&} =1e..6,,6,}; el ={enex e

e Transformation matrix
Q; =Cos(X;, X;)

ei — Qllel + leez + lee3
e’2 — QZlel + szez + stes
e; — Q31e1 + Q3zez + ste3

e Relations between base vectors

e _QIJ j € _QJI j

17



Coordinate Transformation

e Transformation between vectors

_ _ N [N IA! A

V_QUV V_QHJ

 Property of transformation matrix

Vi _Qp j jSijVk — jSij:é}k Q'Q=I

vi=Quv; =QiQyvii = |QQq = 9 QQ' =1
det] Q; |=+1

 For right-handed coordinates
det| Q; |=1




Sample Problem

» The components of a first and second order tensor in a particular
coordinate frame are given by

1 1 0 3 } %
a,=|4]a =0 2 2 .
2 3 2 4
 Determine the components of each L
tensor in a new coordinate system < - %
found through a rotation of 60° about T

the x;-axis. Choose a counterclockwise
rotation when viewing down the
negative Xs-axis.

19



Sample Problem - Solution

[ c0s60°
cos150°
cos 90’

Qij -

ai, :Qijaj =

, — —
aij o Qinjqapq N

7/4

=| /3/4

_3/2+J§ 1-3+/3/2

c0s30° cos90°] | 12 ~/3/2
cos60° c0s90° |=|—/3/2 1/2
cos90° cosO°_ 0 0
Y2 3/2 o1 [y2+243
—J3/2 12 0||4|=]|2-3/2
0 0 1|2 2
y2  V3/2 01 o 3] Y2 —V3/2 0]
~J3/2 12 0|0 2 2|32 12 o
0 0 13 2 4| 0 0 1
J3/4 32443 ]
5/4  1-343/2
4
_ 20



Tensor - Definition

* Those matrices that satisfy the following rule are
called second-order tensors.

A= AZIe:(e; = A:| (Qkiei )(Qljej): QkiQIj A:Ieiej — Ajeiej
= | A =QuQ; A = A =Q, QA

. Exceptional matrices do exist, i.e. Spinors ( & )
Fortunately, this is not our concern.



Tensor - Definition

* A tensor can be any order and must satisfy
d = a, zero order (scalar)

a‘;- = Qjpa,, first order (vector)

a‘;j = Qi,0j,a,,, second order (matrix)

afjk = 0i,Q;;Qjrapyr, third order

a:jk[ — Qinijer[Sapqua fourth order
» For general order

A}kl-.. — QimanQklep A‘nnop---
Ajkl-.. — QmianonQp| T A\;nop-.-

22



Isotropic Tensors

» Defined as those tensors whose components remain
the same under all transformations

 All scalars (zero order) are isotropic

* No non-trivia isotropic tensor of the first order

« Kronecker Delta is the most general second order

Isotropic tensor
Ty = aoy
:>Tij, = QiijITkI = Qiijlaé‘kl = aQiijk = aé}j =T,

23



Isotropic Tensors

 Levi-Civita Symbol is the most general third order

Isotropic tensor
det|a]=a,,8,,80Em0 = Bm@nr8es€

n-"30“mno mno

= g, det|a| =a,,a,,8,¢

Im ™~ jn ko~ mno

Tijk = &y

= T = Qn Qi Qo Tono = ¥QrQ,: Qoo = @5y det[Q] =T,
» The most general fourth order Isotropic tensor
Ty = @00, + 0,0, + 70,0
= T = Qn Q1 Q0 Qi Tanop = QunQinQueQp (Ao + By + 61y
= (@QnQnQu0Q + AR Q1R Qi +7Q1n Q11 Qi ) = T

24



Tensor Algebra

 The distinction between a tensor and its components

V—=Vvie| + Vaex + V3e3 — Ve, A=Anee +Aneex +Apzees
VN, ’ot VAN,
= vie; tvse, H ey = vie, + Asr1eze) + Axnerer + Arxzeres
+ Ajzjeze; + Apezer + Aszeses
! r !

Equality of two tensors: A=B = Ae, =Be, = A =B,
Addition/subtraction
Scalar multiplication: 1A = A Ae, el e e

« Cross product of two vectors ¢ *?= nodody = ikajbre;
I 2 3
» Triple product of three vectors a a as
a-bxc—= by by b3y|=c¢jaibjcy
¢ €2 @3 75




Tensor Algebra

 Tensor product (outer multiplication )
AR®B=Ae ®Be, = ABe ®e, = AB;ee,

« Contraction on a pair of indices

(Tensor product —inner product)
A-B=Ae,-Be; = AB,e, -e; = AB,
» Generalized inner product (matrix product)

Aa = IAHH} = A,jli?j — GJAU

a'A = {a}'[A] = a;A;j = Ajja;

AB = [A]|B] = A;Bj,
AB" = A;By;

A'B = A;By

(r(AB) = A;B;;

tr(AB") = 1r(A" B) = A;;B;;
26



Principal Values and Directions - 2D

 For the state of plane stress shown, determine the principal stresses

and principal directions.
 Solution 1. Principal stresses

10 MPa
J‘ 50-c 40 |(n) [0
——}— 40 MPa 40 -10- aan} } {o}
_ 0o 0 (50— 6)(-10-0)~1600=0
50 MPa 10 -10-o

= o’ —400-2100=0= o, = 70,0, = —30
2. Principal directions

e e A e BN s
| o VA
00 el Sal=nem= 57
2 5 , \_ \/g/




Principal Values and Directions - 3D

* For the state of 3-D stress shown, determine the principal stresses
and principal directions.

 Solution 1. Principal stresses:
y
20MPa

10MPa
20MPa

20MPa

20— o
10

0
det[aij —

= -0+’ lL,o+1,=0
= o0,=30, 0,=20, o,=10.

Z l,=0,+0,+0,=20+20+20=60
|,=0,0,+0,0,+0,0, —Tfy —2'52 — 72 =400+ 400+ 400-100 =1100

l,=0,0,0,+21

2. Principal directions:

2
Ty, Ty —OxTy,, —CO

xy Tyz P
20—o
10
0

10
20— o

y Y zx

10
20— o

0
é}j]zo

z%xy

=

0

0
0
20— o

0

\O)

=

rO\

0;

2 — o, = 8000 - 2000 = 6000
fO\

28



Tensor Field and Comma Notation

 The field concept of a tensor component

a = a(x;,x2,x3) = alx;) = alx)
a; = aj(x;, X, x3) = a;(x;) = a;(x)

ajj = aj(xy, X2, X3) = a;j(x;) = a;j(x)

« The Comma Notation for partial differentiation

Gradient operator: V = ie1 + ﬂez + ﬂes _0

—— 8.
X, ~ OX, ° OXy ~ OX
2
Laplacian operator: V> =V -V = ﬁei .ﬁej . 0
ox;  OX; OX;OX;
- . 0¢
Gradient of a scalar: V¢ = G_ei = ¢@.€e.
X. |
- w2, 09
Laplacian of a scalar: V¢ = = @
oX,0%

29



Tensor Calculus
dg

Directional derivative; =
S

=V¢g-n

dx,
—3Se
ds °

dx,

2 o o
ds

OX,

dx,
ds

)

e, + )

9
%, X,

% N

—

uv = (ue,

Gradient of a vector:

OX j

_ oy, B

Divergence of a vector: V-u = [

0
—e.
ox. !

J

}.(uiei) =U; ;05 = Uy,

Gradient of a tensor: |6V = (aijeiej

E

-—

€

oo

J
OX,

|

X

Divergence of atensor: V.o = (

9,
—e.
OX; :

Curl of a vector: Vxu = L

Laplacian of a vector: V°u =

G
ox,

ou
]x(ukek) = @_

J

30



Useful Identities

V(o) = (Voyy + ¢(Vy)

V(oY) = (V2P + (V) + 2V - Vs
V- -(pu)y=Vo- -u+ ¢(V-u)

V x (¢pu) =V x u+ d(V x u)
Viuxv)y=v-(Vxu) —u-(Vxvy)

VxV¢p=0
V. -Vp =V
V- Vxu=0

V x (Vxu) =V(V-u)—Vu
ux(qu):%V(u-u)—u-Vu

» All can be proved with Indicial and Comma Notations.

31



Sample Problem

 Scalar and vector field functions are given by
¢ =x°—y’and u=2xe, +3yze, + Xye,.
Calculate the following expressions:
V¢, V3, V- u, VU,V xu.

» Solution
Vg =2xe, —-2ye,
Vip=2-2=0
V-u=u,;,=2+32+0=2+3z
5 0 0 qu:a—Xiei><ujej=gkijuj,iek

uv=u ee =(0 3z 3y

L1 1]

€, (us,z - uz,s) +€, (u1,3 - u3,1) +€; (u2,1 N u1,2)
y X 0] =e/(x-3y)+e,(-y)

32



Integral Theorems

» Gauss (Divergence) theorem

[ u-nds =
JJs JJJv

..Suknkds - v

[ V-udV:

' u,dv.

ooV

e Stokes theorem

JC

~ udX :oo
JC k k JJS

u-dr=|| (Vxu)-nds;

* Green’s theorem on a plane

fc (u,dx, +u,dx, ) = ”S (uz,1 ~Uu,, ) dx,dx,.

33



Cylindrical Coordinates

X=rcosd,y=rsing,r=x*+y*,6=tan" %

ar 030, %:_sine’ar _sing 8«9 cosé

ox OX r r

0 aar 0 00 Sea_sineé

OX ar 8x 00 ox or r 06

0 aar 0 00 98+00598

oy 8r 8y 06 8y or r o060 =~

e, | |cos@ sing 0Offe,| [ecosf+esing
1€,¢=|—-sin@ cos6 O0|e, r=1-€sInd+e cosd
e, | O 0 1jle, e, )
oe, oe,

20 "on

34



Cylindrical Coordinates

rﬁ\
' cosd sin@ 0] %X ) L
V.=QV=|-singd cosd 0O|<—r=e —+e,——+e
oy “or  “roo
0 0 1
] 1o
L OZ )
uv, =(ue, +u,e,+u.e,) ﬁe +Eie +£e
or r o6 0z
AU, 1(aur j u, ]
& T = —U, |€,€, rez
or r\ 06 o/
au, 1( 6u9j au,
=|+—2ee +=|Uu +—2 le,e, +—2ee,
or r 06 0z
ou, 1 ou, ou,
+—Lee +-— 2, ee,
or r 060 o/

0
* oz

35



Cylindrical Coordinates

* Double gradient of a scalar (symmetric as expected)

V¢:er%+eel%+ez%
or r oé 0Z
[ A2 2
%erer +£(l%jeree + oY ee,
or or\r oé oroz
2 2
= (Vg)V = -I—g(l%je@er-l-l %+Ea—¢; eé,e9+l L e,e,
or\r of rior roé r 060z
2 2 2
+ oY e.e, +1 oY eze9+8—fezeZ
| oroz r 060z 0z

=V(V¢)

36




Cylindrical Coordinates

( 0 10 0
V.ou=|e, —+€,—+€,—
“or ‘ro0 eér
_é?uurur 1ou, @uz

or r r 8«9 o/

( 0 10 0
V.xu=|e —+e,——+€,—
“or ‘ro0 er

j (ue, +ue,+ue,)

j (ue, +ue,+ue,)

(1 ou, 8u9j (Gur 8qu (8u9 lou, 1
=e |- — +e, — +e,
r o oz oz oOr or rof r
5 ( %, 10 aj ( 8 1 0 aj
Vi=le,—+e,——+e,— +e,——+e,
"or ‘roe0 oz 8r “r o6 0Z
0 10 1 ¢ &7
=—+——+ +
or* ror r’o0° o0z°

)
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Cylindrical Coordinates

- (arerer +7.,86,+7, 686, +7,€,.8 +09e9e9)( 0. . o L0
- Aw AN o T AL Tz
+7,,6,8,+7,€6.6 +7,6.e,+0,e.e, or 0z
oo, 0T, or,, 07, oo,
eee +—2eee + eee +—Teee +—2eeL,
or or or or or
T ot ot olej
+—2eee +—ZLeee +—Leee +—Leee,
or or or or
loo, r1,+71 lor, o,—-0 T
+| = r __-réd or ererea+ - re 4 =T (2 eregeg+ 0z
r 00 r r 060 r r
10r, o -0 loo, rt1,+1 lor,
H——E+ L —Cleee, +|——L+ L X leee,+| ——%+
r 00 r r o0 r r og r
l1or, l1or, t 1o0o
H|=—E L leee, + 24+ 2 leee,+——=eee
roeg r r r 06
r a Tre a z-rz a THr a O-e
+—'eee +—%eee +—2eee +—"eee +—LeeL

0z

o/

0z

0z

0z

0z

0z

T,, or,, ort,, oo,
+—%eee +—2Leee +—Leee +—Leee,

0z
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Cylindrical Coordinates

Gradient of a tensor:

Divergence of atensor: V.o = (

oV =

oee,

)5
OX, OX,

€8, =0; L€

0
OX,

—¢€

00;
OX,

L(e, -e )e =0; €,

Joree,)-

V -6 = contraction on the first and third index of oV

V-o=

\_ Or

\ Or

\_ Or

(o,
/afre

/ a’Z-I'Z

10z, Or, o,
+— + +
r 00 01
n l do, n 0Ty | Top+ Ty
r 00 oz
10z, oJOo, r,
+ = + +-2 e,
r 00 oz r
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Cylindrical Coordinates

oe, _ 0Og, 82er_8&__ 62e9__8er__
o0 7 o0 " 00° 60 " 067 o0 /
ou. o o°U, ou

ue )=ue,+e —, ue )=e,
ae( )=ue, " 06 592( ) 06>
0’ o’u, ,0u, oe o’e o°u ou

— (u,e,)=e +2—9 "9 1y 9 —p 0 _2e —%_y.e
66’2( )= 06> 00 060 06> U 067 "00

0° 1 5 1 o° 0°
o ror 2ot o (Ure; +Uge, +ue,)

:(Vgur— 22 Zug—u;jerJr(Viung 22 glg o j +Viu e
r r




Cylindrical Coordinates

oe oe, o’e o’e,

r r -

= ,— = . = el"
00 7 00 06> 06? 0

Vzﬁ _( 82 10 82 1 82 j(grerer + Treeree + z-rzerez + Z-Hreeer + O-Heeeej
0=

or® F8r+azz+r2892 +r, e +7.66 +7.06 +0Le
0270~z =z 20772760 171712

= {Vzar —%(Gr -0, + 0Ty + O ﬂerer + {Vzae + %(Gr —0,+ 0Ty + 882'66; H €L,

r 06 06 r tolv
+| Vo, le,e, +| Vir 2 Gar_ﬁae_z_ -7, |le.e,+|Vr 1 T +2% e.e
yA 7271 re 2 ré or rvo rz 2 rz rvz
: r’\ 660 00 r 00
+ Vzrer + r22 ((206-: — 5@? — T,y —Z'grj:| e,e, +{V2792 + rlz EZ 8(;'; —ngﬂ e,e,
+ Vzrzr —iz T, +2 Oy ee + Vzrw + 12 (2 Oy _ij e.e,
i r 00 r 06

« The Laplacian is symmetric if the tensor Is.

41



Spherical Coordinates

Z=Rcosp,r=Rsing,R = 22+r2,(p:tan‘1£

Z ‘.
@:cow,a—(o——smqp,m—smgo,ago—COS(p 0 %ee
0z 0 R or or R W :

0 _0R_00p__ . 0 singd

oz Rz op oz PR R g ) Tf:}ez ' -
0_O0R _00p_ . 0 COsp 0 /9/

= =SINp—+
or oOR or 8(0 or oR R O¢

(e,| [cosp sing 0O|fe,] ([singe, +cosee,
se_+=|-Sinp cosp O |{e =4CoSpe, —sSinge,

'

e | O 0 11le,) | e, )
e =e %y _ —e ai—m nee ai—COSgpe o8, = —SIn ge, —CoS ¢,
o0 “op N 00 " 66 9’@9 "

e, =singe, +cosge,,
42



Spherical Coordinates

| COS@
V. =QV, =|-sing
0

0] o
Sin(D O_ 0Z OR
0 1 0
cosp 03 — =2 —— ¢
0 1 or R Op
110 1 0
[rd60] | Rsing o0

0 10 1 0
—e, + e, +— e,
R op Rsing 060

u
- ‘”jeRe¢+£ 1 e u6’jeRe9

Rsing a0 R

ou ou ou
:+—‘”eeR+u—R 1% e e +| S0P 1 = 1€,8
oR * R Rop)”” R Rsing 00 ) °

cotou
Ue | 1 U, Pt e,L,
R Rsing 06 R

43



Spherical Coordinates

e, 1 9 (Uglr +U,€, +U,e, )
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oherical Coordinates
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Spherical Coordinates

Gradient of a tensor: |6V = (
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Spherical Coordinates
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Outline

o Scalar, vector and matrix (fr&. % &. H[%)

« Indicial notation and summation convention (#5471t
%5k Fn 2y € )

 Kroneckerdelta (B Z % &)

» Levi-Civita symbol (##it5)

 Coordinate transformation (A2 4x % #2)

e Tensor (7K &)

» Principal values and directions (B/EE 541 H &)

« Tensor algebra (3k &1 %%)

o Tensor calculus (G & 4-)

» Integral theorems (4 = )

» Cylindrical and Spherical Coordinates (Af & K 2 #7)
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